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Abstract
The algebraic structure on the subspace of the quasi-primary vectors given by the projection
of the (n) products of a conformal superalgebra is formulated. As an application the complete
list of simple physical conformal superalgebras is given. The list contains a one-parameter
family of superconformal algebras with 4 supercharges that is simple for general values.
1 Introduction
For an infinite-dimensional Lie superalgebra G, one often assumes that there exists a finite set F
of generating functions of elements of G and that the Lie bracket is written in terms of the OPE
(Operator Product Expansion), i.e.,
a(z)b(w) ∼
∑
j
cj(z)
(z − w)j , (1.1)
where the
∑
is finite. It means
[a(z), b(w)] =
∑
j
cj(w)
j!
∂jδ(z − w), (1.2)
cj(w) = Resz[a(z), b(w)](z − w)j , (1.3)
for a, b ∈ C[∂]F , where the ∑ is always finite. The finiteness is called locality. Many significant
infinite-dimensional Lie superalgebras, e.g., affine Lie algebras, the Virasoro algebra, the Neveu-
Schwarz algebra, have locality.
The notion of conformal superalgebra (vertex Lie superalgebra) is formulated in [7] and [10]
independently, which is an axiomatic description of Lie superalgebras with OPE with respect to
the infinitely many operations a(j)b = c
j as above. Once a conformal superalgebra is given, one
can reconstruct the Lie superalgebra G. We shall require existence of conformal vector in addition,
which corresponds to a Virasoro subalgebra in the associated Lie superalgebra.
For a conformal superalgebra R the subspace of the quasi-primary vectors (see section 2 for pre-
cise formulation) are identified with R/(∂R). For some kind of conformal superalgebras the space
of primary states generates the conformal superalgebra and the associated Lie superalgebra ([10]).
On the other hand, it is well-known that a conformal superalgebra R yields a Lie superalgebra
structure on R/(∂R). We will study more detailed structures on R/(∂R) (section 3).
The algebraic structures on the space of the primary vectors are described in [1]. We will study
the algebraic structures on the space of the quasi-primary vectors, defining the 〈n〉 products on it
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by the projection of the (n) products. We will show that one can reconstruct the entire conformal
superalgebra from the 〈n〉 products on the space of the quasi-primary vectors (section 4). For the
normal product the structure given by the projection are discussed in [2].
The 〈n〉 products are (anti-)commutative, but may not be associative. We have some simple
cases of the algebraic structures on the subspace of the quasi-primary vectors. The most simple
one is the case of affine Lie superalgebras, for which all products but the 〈0〉 product vanish and
the 〈0〉 product yields a Lie superalgebra structure on the finite-dimensional vector space of the
quasi-primary vectors. The second case is physical conformal superalgebras, which corresponds to
the superconformal algebras, for example, the Virasoro algebra, the Neveu-Schwarz algebra and the
N = 4 superconformal algebra. In this case all products but the 〈0〉 product and the 〈1〉 product
vanish and they yield a left Clifford module structure on the finite-dimensional vector space of the
quasi-primary vectors. The action of Clifford algebra is described in [5]. It restricts the dimension
of the space of the quasi-primary vectors of physical conformal superalgebras.
Examples of simple physical conformal superalgebras are given in [3], [9], [7], and [8]. The
list of known simple physical conformal superalgebras are Vir, K1, K2, K3, S2, W2, CK6, where
we have followed the notations of [3] and [6]. Vir is the Virasoro algebra. Kj is known as the
N = j superconformal algebra. S2 and W2 are superconformal algebras with 4 supercharges. S2
is known as the N = 4 superconformal algebra. CK6 is discovered in [3] and is the only known
superconformal algebra with more than 4 supercharges.
In [8] a list for the simple physical conformal superalgebras is given, however, we are making
another approach. As an application of the reconstruction theorem we will classify simple physical
conformal superalgebras by working on the space of the quasi-primary vectors and the 〈n〉 products
on it. We have found a simple physical conformal superalgebra N4 and a one-parameter family
of physical conformal superalgebras Nα4 that is simple for all α ∈ (C/{±1}) \ {[1]}, which imply
a class of simple physical conformal algebras that is not in the list of [8] exists; N4 and N
α
4 s are
counter examples to Lemma 4.1(b) in [8]. The simple physical conformal superalgebras N4 and N
α
4
coincide with the centerless conformal superalgebras of the large N = 4 superconformal algebras
written down in [11]. The complete list of the simple physical conformal superalgebras is Vir, K1,
K2, K3, S2, W2, N4, N
α
4 and CK6 (section 8).
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2 Preliminaries
Let K be a subfield of C. A K-vector space V with a direct sum decomposition V = V0 ⊕ V1
is called a Z/2Z-graded K-vector space. The homomorphisms of Z/2Z-graded vector spaces are
supposed to be compatible with the gradation. The Z/2Z-gradation is called parity. V0 is called
the subspace of even parity, and V1 is of odd parity.
The Z/2Z-graded objects are called super- objects. Commutativity for the product · of a
superalgebra is defined to be a · b = (−1)p(a)p(b)b · a, where a, b are supposed to be homogeneous
with respect to the parity p.
Now let us state the axioms for conformal superalgebras, based on the descriptions in [7] and
[8]. We denote A(j) = Aj/j!, where A is an operator.
Definition 2.1 Let R be a Z/2Z-graded K-vector space equipped with countably many products
(n) : R⊗R→ R, (n ∈ N),
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and a linear map ∂ : R → R. The triple (R, {(n)}n∈N, L) satisfying the following conditions for
an even vector L ∈ R are called a conformal superalgebra:
(C) For all a, b, c ∈ R,
(C0) there exists some N ∈ N such that for all n ∈ N satisfying n ≥ N
a(n)b = 0,
(C1) for all n ∈ N,
(∂a)(n)b = −na(n−1)b,
(C2) for all n ∈ N,
a(n)b = (−1)p(a)p(b)
∞∑
j=0
(−1)j+n+1∂(j)b(n+j)a,
(C3) for all m,n ∈ N,
a(m)(b(n)c) =
∞∑
j=0
(
m
j
)(
a(j)b
)
(n+m−j) c+ (−1)p(a)p(b)b(n)(a(m)c).
(V) L ∈ R satisfies L(0)L = ∂L, L(1)L = 2L, L(2)L = 0, L(0) = ∂ as operators on R, and L(1) is
diagonalizable.
Remark 2.2 The
∑
in (C3) is a finite sum because of (C0).
L is called the conformal vector of R. A homomorphism of conformal superalgebras from R
to R′ is a K[∂]-module homomorphism f : R → R′ that is compatible with the (n) products for
all n ∈ N and maps L to the conformal vector of R′. An ideal of a conformal superalgebra is a
K[∂]-submodule that is closed under the left multiplication of the (n) products for all n ∈ N. A
conformal superalgebra R with no ideals other than {0} and R itself is called a simple conformal
superalgebra. The ideal {c ∈ R|x(n)c = 0, x ∈ R, n ∈ N} is called the center of R. If the center is
{0} then the conformal superalgebra is said to be centerless.
Remark 2.3 Right ideals are defined similarly, but they coincides with left ideals.
Note 2.4 The axiom (V) is not included in the definition of conformal superalgebras in [7] and
[8] nor of vertex Lie algebras in [10], while existence of the conformal vector is assumed for super-
conformal algebras. We set it into the axioms for conformal superalgebras.
Suppose given an isomorphism of K[∂]-modules f : R → R′ that is compatible with the (n)
products where (R, {(n)}n∈N, L) and (R′, {(n)}n∈N, L′) are conformal superalgebras. We say that
(R, {(n)}n∈N, L) and (R′, {(n)}n∈N, L′) are equivalent to each other.
Note 2.5 In [7] and [8] the class with respect to the equivalence above is considered. We will
consider the isomorphism classes, which is stronger than to the equivalence classes.
The eigenvalue of L(1) is denoted by ∆(x) for an eigenvector x and is called the conformal
weight of x. Define Rk = {x ∈ R|L(1)x = kx}, ∆R = {k ∈ K|Rk 6= {0}} and ∆′R = ∆R \ {0}.
Remark 2.6 We have ∆(∂x) = ∆(x) + 1 and ∆(x(n)y) = ∆(x) + ∆(y)− n− 1. That is,
(n) : Rp ⊗Rq → Rp+q−n−1.
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A conformal superalgebra R over C is called a superconformal algebra if there exists a finite-
dimensional subspace F such that R = C[∂]F , all conformal weights are non-negative half-integers,
the even subspace Reven =
⊕
n∈NR
n and the odd subspace Rodd =
⊕
n∈N+ 1
2
Rn. We call a
superconformal algebra R a physical conformal superalgebra if F ⊂ R2 ⊕ R 32 ⊕ R1 ⊕ R 12 and
F ∩R2 = CL, following the terminology in [8].
Set Rˆ =
⊕
n∈ZR(n) and J = Span{(∂a)(n) + na(n−1)| a ∈ R, n ∈ Z} where R(n) is a copy of
R for each n ∈ Z. The Lie superalgebra Rˆ/J defined by [a(m), b(n)] =
∑∞
j=0
(
m
j
)(
a(j)b
)
(n+m−j)
is called the Lie superalgebra associated to R. If the conformal superalgebra R is not simple then
the Lie superalgebra associated to R is not simple.
3 ∂-decomposition
For a conformal superalgebra (R, {(n)}n∈N, L), we shall call the subspace {x ∈ R|L(2)x ∈ R0} the
reduced subspace of R and denote it by Rˇ. We call the elements of the reduced subspace reduced
vectors. Denote Rˇk = Rˇ ∩Rk, ∆Rˇ = {k ∈ K|Rˇk 6= {0}} and ∆′Rˇ = ∆Rˇ \ {0}. Obviously we have
Rˇ0 = R0.
Remark 3.1 If the Lie algebra (R1, (0)) is perfect then we have L(2)a = 0 for all a ∈ Rˇ because
L(2)a(0)b = 0 for all a, b ∈ Rˇ1.
We introduce the notion of regular conformal superalgebras. The superconformal algebras are
regular.
Definition 3.2 A conformal superalgebra R is regular if R0 is the center and if ∆R∩(− 12N) ⊂ {0}
and for each k ∈ ∆R there exists some M ∈ N such that k −m /∈ ∆R for all m ∈ N satisfying
m ≥M .
Proposition 3.3 Let (R, {(n)}n∈N, L) be a regular conformal superalgebra and Rˇ the reduced
subspace of (R, {(n)}n∈N, L). Then there exists a unique decomposition
x =
m∑
j=0
∂(j)xj (3.1)
for any x ∈ R for some m ∈ N where x0 ∈ Rˇ and xj ∈⊕k∈∆′
Rˇ
Rˇk for j > 0 .
Proof Since R0 is the center of R, L(k) acts on R/R
0 for all k ∈ N. So R/R0 has the sl2-module
structure defined by
E 7→ L(2),
H 7→ −2L(1), (3.2)
F 7→ −L(0).
Consider P =
⊕
k∈∆′
R
Span{x ∈ R/R0| L(1)x = kx, x /∈ U, L(2)x ∈ U for some submodule U}. Since
L(1)P ⊂ P , we have a basis {eλ}λ∈Λ of R/R0 and a function ν : Λ→ ∆′R satisfying L(1)eλ = ν(λ)eλ
for all λ ∈ Λ so that {eλ}λ∈Λ′ is a basis of P for some Λ′ ⊂ Λ. Consider the sl2-module homomor-
phism f :
⊕
λ∈Λ′ Vλ → R/R0 defined by f(vλ) = eλ where Vλ is the Verma module of the highest
weight −2ν(λ) with respect to H and vλ is the highest weight vector of Vλ. Since R is regular f is
surjective and each Verma module V−2ν(λ) is irreducible, hence f is isomorphic. Thus we have a
4
unique decomposition x =
∑
j ∂
(j)xj for any x ∈ R/R0 where xj ∈ P for all j. Hence P = Rˇ/R0,
so we have the decomposition of the result. The uniqueness is obvious.
We shall call the decomposition of Proposition 3.3 the ∂-decomposition of x and xj the j-part
of x setting xj = 0 for ∆(x)− j /∈ ∆R.
Corollary 3.4 R = K[∂]Rˇ.
Corollary 3.5 Rˇ is isomorphic to R/(∂R) as K-vector spaces.
Corollary 3.6 A regular conformal superalgebra R over C is superconformal if and only if the
reduced subspace is finite-dimensional, all the conformal weights are half-integers, the even subspace
of the reduced subspace Rˇeven =
⊕
n∈N Rˇ
n and the odd subspace Rˇodd =
⊕
n∈N+ 1
2
Rˇn.
Corollary 3.7 Let Rˇ be the reduced subspace of a conformal superalgebra R and Rˇ(n) a copy of Rˇ
for each n ∈ Z. The Lie superalgebra associated to R is ⊕n∈Z Rˇ(n) with the product [a(m), b(n)] =∑∞
j=0
(
m
j
)(
a(j)b
)
(n+m−j).
Proposition 3.8 For a homomorphism of conformal superalgebras
f : (R, {(n)}n∈N, L) → (R′, {(n)}n∈N, L′), (A) f(Rˇ) ⊂ Rˇ′, (B) f(Rˇ) = Rˇ′ if and only if f is
surjective, and (C) f |Rˇ is injective if and only if f is injective.
Proof (A) Since 0 = f(L(2)a) = L
′
(2)f(a) for a ∈ Rˇ, it is obvious f(Rˇ) ⊂ Rˇ′.
(B) Assume that f(Rˇ) = Rˇ′. Consider the ∂-decomposition x′ =
∑
j ∂
(j)x′j for x′ ∈ R′. Then
we have xi ∈ Rˇ such that f(xi) = x′i for all i ∈ N, so f(∑j ∂(j)xi) = x. Conversely assume that f
is surjective. Then for any a′ ∈ Rˇ′ there exists x ∈ R such that f(x) = a′, so a′−∑j ∂(j)f(xj) = 0.
Since the ∂-decomposition is unique, f(x0) = a′ for some x0 ∈ Rˇ. Hence we have f(Rˇ) = Rˇ′.
(C) Assume that f |Rˇ is injective. Take x ∈ R such that f(x) = 0. Then
∑
j ∂
(j)f(xj) = 0, so
we have f(xi) = 0 for all i ∈ N. Hence xi = 0 for all i ∈ N, which implies x = 0. The converse is
obvious.
Definition 3.9 Define the 〈n〉 product on Rˇ for each n ∈ N by
〈n〉 : Rˇ× Rˇ → Rˇ
(a, b) 7→ a〈n〉b = (a(n)b)0,
where (a(n)b)
0 is the 0-part of a(n)b.
The center of a regular conformal superalgebra R is {v ∈ Rˇ| v〈n〉x = 0 for all x ∈ Rˇ, n ∈ N}.
Remark 3.10 The 〈n〉 products vanish except for finite many 〈n〉s if Rˇ is finite-dimensional.
Let us denote (x; y) = Γ(x+y)Γ(x) where y is a non-negative integer and x ∈ C, and define
G(∆(a),∆(b), n, j) =


(2∆(a)−n−j−1;j)
(2(∆(a)+∆(b)−n−j−1);j) =
∏j−1
k=0
(2∆(a)−n−j−1+k)
(2(∆(a)+∆(b)−n−j−1)+k)
for ∆(a) + ∆(b)− n− j − 1 /∈ − 12N,
1, for ∆(a) + ∆(b)− n− 1 = 0, j = 0,
0, otherwise.
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Proposition 3.11 For a regular conformal superalgebra R
(a(n)b)
j = G(∆(a),∆(b), n, j)a〈n+j〉b (3.3)
where a, b ∈ Rˇ.
Proof If ∆(a) + ∆(b) − n − j − 1 = 0 the both sides are in R0, so the proposition is obvious.
Otherwise, apply Lj(2) to the both sides of a(n)b =
∑
j ∂
(j)(a(n)b)
j and take the 0-parts. The left
hand side is
(Lj(2)a(n)b)
0 = (−1)j
(
n+j−1∏
k=n
(k + 2(1−∆(a)))
)
(a(n+j)b)
0. (3.4)
Taking the 0-part of Lj(2)
∑
j ∂
(j)(a(n)b)
j , we obtain
(Lj(2)a(n)b)
0 =
j∏
k=1
(k + 2(∆(a) + ∆(b)− n− j − 1)− 1))(a(n)b)j . (3.5)
Hence we have
(a(n)b)
j =
(
j−1∏
k=0
−n− k + 2∆(a)− 2
k + 2(∆(a) + ∆(b)− n− j − 1)
)
a〈n+j〉b
= G(∆(a),∆(b), n, j)a〈n+j〉b. (3.6)
Proposition 3.12 A K-linear map f : Rˇ → Rˇ′ satisfying f(L) = L′ and f(a〈n〉b) = f(a)〈n〉f(b)
for all a, b ∈ Rˇ, n ∈ N uniquely extends to a homomorphism of conformal superalgebras f˜ : R→ R′,
where (R, {(n)}n∈N, L) and (R′, {(n)}n∈N, L′) are regular conformal superalgebras.
Proof Define a map f˜ : R→ R′ by f˜(x) =∑j ∂(j)f(xj) where x ∈ R. Obviously f˜(∂x) = ∂f˜(x)
for all x ∈ R. By (3.3) we have a(n)b =
∑∞
j=0G(∆(a),∆(b), n, j)∂
(j)a〈n+j〉b, by (C1) and (C2)
(∂(k)a)(n)(∂
(l)b) = (−1)k∑lj=0 n!k!j!(n−k−j)!∂(l−j)a(n−k−j)b for all a, b ∈ Rˇ, k, l ∈ N. Hence the (n)
products on R is written in terms of the 〈n〉 products and the operator ∂, so f˜(x(n)y) = f˜(x)(n)f˜(y)
for all x, y ∈ R and n ∈ N, that is, f˜ is an homomorphism of conformal superalgebras.
Suppose given two extensions f˜ and f˜ ′ of f . Then f˜ ′(∂(k)a) = ∂(k)f(a) = f˜(∂(k)a) holds for
all a ∈ Rˇ. Hence the extension of f is unique by Corollary 3.4.
Corollary 3.13 Two conformal superalgebras (R, {(n)}n∈N, L) and (R′, {(n)}n∈N, L′) are iso-
morphic if and only if there exists a bijective K-linear map f : Rˇ → Rˇ′ satisfying f(L) = L′ and
f(a〈n〉b) = f(a)〈n〉f(b) for all a, b ∈ Rˇ and n ∈ N.
We can reconstruct the ideals of a regular conformal superalgebra (R, {(n)}n∈N, L) from the
triple (Rˇ, {〈n〉}n∈N, L).
Proposition 3.14 For an ideal I of a conformal superalgebra R, there exists an ideal Iˇ of the
reduced subspace Rˇ with respect to the 〈n〉 products. Conversely I = K[∂]Iˇ is an ideal of R for an
ideal Iˇ of Rˇ.
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Proof We may assume that I is proper without loss of generality. Consider the projection
f : R → R/I. We have a projection fˇ : Rˇ → ˇ(R/I) with fˇ(a〈n〉b) = fˇ(a)〈n〉fˇ(b) for all a, b ∈ Rˇ.
Set Iˇ = ker fˇ . We have x〈n〉Iˇ ⊂ Iˇ for all x ∈ Rˇ and I = ker f = K[∂]Iˇ. The converse is obvious.
Corollary 3.15 A regular conformal superalgebra (R, {(n)}n∈N, L) is simple if and only if any
ideal Iˇ of the reduced subspace Rˇ is either Rˇ or {0}.
Consider the following properties of the triple (P, {〈n〉}n∈N, L) for a Z/2Z-graded K-vector
space P equipped with countably many products {〈n〉}n∈N on V where L ∈ P :
(P0) For a, b ∈ P there exists some N ∈ N such that for all n ∈ N satisfying n > N ,
a〈n〉b = 0.
(P2) For a, b ∈ P and n ∈ N,
a〈n〉b = −(−1)n+p(a)p(b)b〈n〉a.
(P3) For a, b, c ∈ P and n,m ∈ N,
m∑
j=0
(
m
j
)
G(∆(b),∆(c), n, j)a〈m−j〉b〈n+j〉c
−(−1)p(a)p(b)
n∑
j=0
(
n
j
)
G(∆(a),∆(c),m, j)b〈n−j〉a〈m+j〉c
=
m+n∑
j=0
F (∆(a),∆(b),m, n, j)
(
a〈j〉b
)
〈m+n−j〉c,
where
F (∆(a),∆(b),m, n, t)
=
t∑
k=0
(
m
t− k
)(
m+ n+ k − t
k
)
(−1)kG(∆(a),∆(b), t − k, k).
(PV) L is even and satisfies L〈0〉a = 0, L〈1〉L = 2L, L〈2〉a ∈ P 0 for all a ∈ P . The operator L〈1〉 is
diagonalizable. P 0 is central, ∆P∩(− 12N) ⊂ {0}, and for all k ∈ ∆P there exists someM ∈ N
such that k −m /∈ ∆P for all m ∈ N satisfying m ≥ M , where P k = {a ∈ P | L〈1〉a = ka}
and ∆P = {k ∈ K| P k 6= {0}}.
Proposition 3.16 The triple (P, {〈n〉}n∈N, L) satisfies (P0), (P2), (P3), (PV), where P is the
reduced subspace of a regular conformal superalgebra with the products {〈n〉}n∈N.
Proof Only (P3) is not obvious. We shall obtain (P3) by taking the 0-part of the both sides of
(C3). Apply Proposition 3.3 to the right hand side of (C3) and take the 0-part. Then,(
m∑
k=0
(
m
k
)(
a(k)b
)
(m+n−k) c
)0
=

 ∞∑
j,k=0
(
m
k
)(
∂(j)(a(k)b)
j
)
(m+n−k)
c


0
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=∞∑
j,k=0
(
m
k
)(
m+ n− k
j
)
(−1)jG(∆(a),∆(b), k, j)(a〈k+j〉b)〈m+n−k−j〉c
=
∞∑
t=0
t∑
k=0
(
m
k
)(
m+ n− k
t− k
)
(−1)t−kG(∆(a),∆(b), k, t− k)(a〈t〉b)〈m+n−t〉c
=
m+n∑
t=0
F (∆(a),∆(b),m, n, t)
(
a〈t〉b
)
〈m+n−t〉c, (3.7)
which is the right hand side of (P3). On the other hand the 0-part of the term a(m)b(n)c of the left
hand side of (C3) is,
(
a(m)b(n)c
)0
=
m∑
j=0
(
m
j
)
G(∆(b),∆(c), n, j)a〈m−j〉b〈n+j〉c, (3.8)
and for the term b(n)a(m)c
(
b(n)a(m)c
)0
=
n∑
j=0
(
n
j
)
G(∆(a),∆(c),m, j)b〈n−j〉a〈m+j〉c. (3.9)
Thus we obtained the left hand side of (P3).
Example 3.17 For m = 0 and n = 0, (P3) is
a〈0〉b〈0〉c− (−1)p(a)p(b)b〈0〉a〈0〉c =
(
a〈0〉b
)
〈0〉c. (3.10)
For m = 1 and n = 0,
a〈1〉b〈0〉c+
∆(b)− 1
∆(b) + ∆(c)− 2a〈0〉b〈1〉c− (−1)
p(a)p(b)b〈0〉a〈1〉c
=
(
a〈0〉b
)
〈1〉c+
∆(b)− 1
∆(a) + ∆(b)− 2
(
a〈1〉b
)
〈0〉c. (3.11)
For m = 1 and n = 1,
a〈1〉b〈1〉c+
2∆(b)− 3
2(∆(b) + ∆(c)− 3)a〈0〉b〈2〉c
−(−1)p(a)p(b)
(
b〈1〉a〈1〉c+
2∆(a)− 3
2(∆(a) + ∆(c)− 3)b〈0〉a〈2〉c
)
=
(
a〈0〉b
)
〈2〉c+
∆(b)−∆(a)
∆(a) + ∆(b)− 2
(
a〈1〉b
)
〈1〉c
− (2∆(a)− 3)(2∆(b)− 3)
2(∆(a) + ∆(b)− 3)(2∆(a) + 2∆(b)− 5)
(
a〈2〉b
)
〈0〉c. (3.12)
For m = 2 and n = 0,
a〈2〉b〈0〉c+
2(∆(b)− 1)
∆(b) + ∆(c)− 2a〈1〉b〈1〉c
+
(2∆(b)− 3)(∆(b)− 1)
(∆(b) + ∆(c)− 3)(2∆(b) + 2∆(c)− 5)a〈0〉b〈2〉c
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−(−1)p(a)p(b)b〈0〉a〈2〉c
=
(
a〈0〉b
)
〈2〉c+
2(∆(b)− 1)
∆(a) + ∆(b)− 2
(
a〈1〉b
)
〈1〉c
+
(∆(b)− 1)(2∆(b)− 3)
(∆(a) + ∆(b)− 3)(2∆(a) + 2∆(b)− 5)
(
a〈2〉b
)
〈0〉c. (3.13)
4 Reconstruction of the conformal superalgebras
We can reconstruct the entire regular conformal superalgebra (R, {(n)}n∈N, L) from the triple
(Rˇ, {〈n〉}n∈N, L).
Theorem 4.1 For a triple (P, {〈n〉}n∈N, L) satisfying (P0), (P2), (P3) and (PV), there exists a
regular conformal superalgebra (RP , {(n)}n∈N, L) whose reduced subspace is P and the products
satisfies (a(n)b)
0 = a〈n〉b for all a, b ∈ P , n ∈ N. Furthermore the conformal superalgebra is unique
up to isomorphisms.
Proof Consider the left K[∂]-module RP =
(
K[∂]⊗ (⊕k∈(∆P \{0}) P k)
)
⊕ P 0, where ∂ is an
indeterminate and P 0 is regarded as a left K[∂]-module by ∂P 0 = 0. We omit the ⊗ for brevity.
Define ∆(∂ja) = ∆(a) + j for a ∈ P . Each x ∈ RP is uniquely written as x =
∑
j ∂
(j)xj
for some x0 ∈ P and xj ∈ ⊕k∈(∆P \{0} P k for all j > 0. Define (n) products on RP by a(n)b =∑∞
j=0G(∆(a),∆(b), n, j)∂
(j)a〈n+j〉b and (∂(k)a)(n)(∂(l)b) = (−1)k
∑l
j=0
n!
k!j!(n−k−j)!∂
(l−j)a(n−k−j)b
where a, b ∈ P . It is easy to check that the (n) products satisfy (C0) and (C1), and by direct
calculation ∂ is a derivation with respect to the (n) products. Now, for a, b ∈ P ,
−(−1)p(a)p(b)+n
∞∑
j=0
(−1)j∂(j)(b(n+j)a)
= −(−1)p(a)p(b)+n
∞∑
j,k=0
(−1)j∂(j)G(∆(b),∆(a), n + j, k)∂(k)(b〈n+j+k〉a)
=
∞∑
s=0
s∑
k=0
(−1)s−k+p(a)p(b)+n+1
(
s
k
)
G(∆(b),∆(a), n + s− k, k)∂(s)(b〈n+s〉a)
= a〈n〉b+
∞∑
s=1
2F1
( −s 2∆(b)− n− s− 1
2(∆(a) + ∆(b)− n− s− 1) ; 1
)
∂(s)(a〈n+s〉b), (4.1)
where 2F1
(
α β
γ
;x
)
=
∑∞
j=0
(α;j)(β;j)
(γ;j) x
(j). We have 2F1
(
α β
γ
; 1
)
= Γ(γ)Γ(γ−α−β)Γ(γ−α)Γ(γ−β) for γ /∈
−N and α ∈ −N. If s ≥ 1 and ∆(a)+∆(b)−n−s−1 = ∆(a〈n+s〉b) ∈ − 12N then ∂(s)(a〈n+s〉b) = 0,
so we have
−(−1)p(a)p(b)+n
∞∑
j=0
(−1)j∂(j)(b(n+j)a) = a〈n〉b
+
∞∑
s=1
Γ(2(∆(a) + ∆(b)− n− s− 1))Γ(2∆(a)− n− 1)
Γ(2(∆(a) + ∆(b)− n− s− 1) + s)Γ(2∆(a)− n− s− 1)∂
(s)(a〈n+s〉b)
=
∞∑
s=0
G(∆(a),∆(b), n, s)∂(s)(a〈n+s〉b)
= a(n)b. (4.2)
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Then, (C2) is checked for all a = ∂kx and b = ∂ly by induction on k and l where x, y ∈ P . Indeed,
assume (∂kx)(n)(∂
ly) = (−1)p(x)p(y)∑j(−1)1+n+j∂(j)(∂ly)(n+j)(∂kx) for all n. Applying ∂ to the
both sides we have (∂k+1x)(n)(∂
ly)+(∂kx)(n)(∂
l+1y) = (−1)p(x)p(y)∑j (−1)1+n+jj! ∂j+1(∂ly)(n+j)(∂kx).
By (C1) we have
(∂kx)(n)(∂
l+1y)
= n(∂kx)(n−1)(∂ly) + (−1)p(x)p(y)
∑
j
(−1)n+jj∂(j)(∂ly)(n+j−1)(∂kx)
= (−1)p(x)p(y)
∑
j
(−1)1+n+j∂(j)(∂l+1y)(n+j)(∂kx), (4.3)
which implies (C2) for a = ∂kx and b = ∂l+1y. On the other hand
(∂k+1x)(n)(∂
ly) + (∂kx)(n)(∂
l+1y)
= (−1)p(x)p(y)
∑
j
(−1)1+n+j∂(j) ((∂l+1y)(n+j)(∂kx) + (∂ly)(n+j)(∂k+1x)), (4.4)
thus we have (C2) for a = ∂k+1x and b = ∂ly, which completes the induction.
For all a ∈ P , we have
L(0)(∂
ka) = ∂k+1a, (4.5)
L(1)(∂
ka) = (∆(a) + k)∂ka, (4.6)
L(2)(∂
ka) = k(k − 1 + 2∆(a))∂k−1a, (4.7)
which imply (CV).
In order to show (C3), let
J(a, b, c,m, n, k)
= a(m)b(n)∂
kc− (−1)p(a)p(b)b(n)a(m)∂kc−
∞∑
j=0
(
m
j
)
(a(j)b)(m+n−j)∂kc, (4.8)
where a, b, c ∈ P . By (C1) and the Leibniz rule we have
∂J(a, b, c,m, n, k)
= −mJ(a, b, c,m− 1, n, k)− nJ(a, b, c,m, n− 1, k) + J(a, b, c,m, n, k + 1), (4.9)
where we understand J(a, b, c,−1, n, k) = 0 and J(a, b, c,m,−1, k) = 0 for all m,n, k ∈ N. We
have ∆(b(n)∂
kc) −∆(∂kc) = ∆(b) − n − 1, so J(L, b, c, 1, n, k) = 0 for all n, k ∈ N. By (P3) and
the definition of L(1), J(L, b, c, 2, n, 0) = 0. Substituting them into (4.9) for m = 2 we obtain
J(L, b, c, 2, n, k) = 0 for all n, k ∈ N by induction on k. On the other hand taking the 0-part of
(4.9) we obtain 0 = −mJ(a, b, c,m− 1, n, k)0−nJ(a, b, c,m, n− 1, k)0+ J(a, b, c,m, n, k+1)0. By
induction on k we have J(a, b, c,m, n, k)0 = 0 for any m,n, k ∈ N.
Consider
B(a, b, c,m, n) = a(m)b(n)c− (−1)p(a)p(b)b(n)a(m)c−
∞∑
j=0
(
m
j
)(
a(j)b
)
(m+n−j) c, (4.10)
where a, b, c ∈ RP . By (C1) and (C2), it suffices to check B(a, b, c,m, n) = 0 for m,n ∈ N
where a, b ∈ P and c ∈ RP . We have B(a, b, c,m, n)0 = 0 for a, b ∈ P and c ∈ RP be-
cause J(a, b, c,m, n, k)0 = 0 for all k ∈ N. If ∆(B(a, b, c,m, n)) = 0 then B(a, b, c,m, n) =
B(a, b, c,m, n)0 = 0, so we may assume ∆(B(a, b, c,m, n)) 6= 0. By (4.7) we have(
(L(2))
kB(a, b, c,m, n)
)0
= (2(∆(a) +∆(b) +∆(c)−m− n− 2− k); k) (B(a, b, c,m, n))k . (4.11)
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The coefficients on the right hand side never vanish because ∆(B(a, b, c,m, n)k) /∈ − 12N, hence Bk
is proportional to ((L(2))
kB)0. Since J(L, b, c, 2, n, k) = 0,
L(2)B(a, b, c,m, n)
= −(n+ 2(1−∆(a)))B(a, b, c,m+ 1, n)
−(m+ 2(1−∆(b)))B(a, b, c,m, n+ 1) +B(a, b, L(2)c,m, n), (4.12)
(L(2))
kB(a, b, c,m, n) is written by a linear combination of some Bs. Thus we have Bk = 0 for all
k ∈ N, which implies (C3).
The reduced subspace of RP coincides with P itself. The uniqueness follows from Corollary
3.13.
The following lemma plays an important role in later sections.
Lemma 4.2
a〈p〉b〈q〉c =
∑
j
rjb〈q−j〉a〈p+j〉c+ sj
(
a〈j〉b
)
〈p+q−j〉c (4.13)
for some rj , sj ∈ K where a, b, c ∈ Rˇ, p, q ∈ N.
Proof Denote (P3)m,n for (P3) specifying m,n. For p = 0, (4.13) follows from (P3)0,q. Suppose
(4.13) holds for all p ≤ k and q ∈ N. (P3)k+1,q implies (4.13) for p = k + 1.
Proposition 4.3 Consider a regular conformal superalgebra (R, {(n)}n∈N, L). Let S be a subset
of the reduced subspace Rˇ and IS the ideal generated by S. Then for a basis B with an order < on
B,
IS ∩ Rˇ = Span
{
v1〈n1〉v
2〈n2〉· · · vr〈nr〉u
∣∣ vk ∈ B, u ∈ S, nk ∈ N, vi < vi+1 } . (4.14)
Proof Set
FpIˇS = Span
{
v1〈n1〉v
2
〈n2〉v
3
〈n3〉· · · vr〈nr〉u
∣∣vk, u ∈ S, nk ∈ N, r ≤ p} . (4.15)
By Lemma 4.2, v1〈n1〉v
2〈n2〉v
3〈n3〉· · · vr〈nr〉u is written by a linear combination of these elements
with vi and vi+1 swapped (but nls may differ) as an element of (FiIˇS)/(Fi−1IˇS). Hence we have
FpIˇS = Span
{
v1〈n1〉v
2〈n2〉· · · vr〈nr〉u
∣∣ vk ∈ B, u ∈ S, nk ∈ N, r ≤ p, vi < vi+1 } . (4.16)
Since IS ∩ Rˇ =
∑
p FpIˇS , thus we have the result.
Let P be the category of triples (P, {〈n〉}, L) satisfying (P0), (P2), (P3), (PV) where P is a
vector space, {〈n〉} is a set of products on P , and L is a vector in P , with the morphisms being
the linear maps that commute with all the 〈n〉 products and preserve L. We can summarize this
section: the category of regular conformal superalgebras is equivalent to the category P by the
functor F (R) = Rˇ and F (f) = f |Rˇ.
5 Physical conformal superalgebra
In this section we will study physical conformal superalgebras. One can reduce the axioms for
conformal superalgebras into some simple relations. We shall assume K = C hereafter.
A regular conformal superalgebra R is physical if and only if the reduced subspace Rˇ satisfies
the following.
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– Eigenvalues of L(1) on Rˇ are 2,
3
2 , 1 and
1
2 .
– Rˇ2 = CL.
– Rˇ3/2 and Rˇ1/2 are odd subspaces.
– Rˇ1 and Rˇ2 are even subspaces.
All the 〈n〉 products vanish except for the 〈0〉 product and the 〈1〉 product for physical conformal
superalgebras.
Let R be a physical conformal superalgebra and Rˇ be the reduced subspace. Consider the
products on Rˇ defined by,
a ◦ b =
{
a〈1〉b
∆(a)+∆(b)−2 , for ∆(a) + ∆(b)− 2 6= 0,
0, otherwise,
a • b = a〈0〉b.
Obviously we have
(D0) L ◦ a = a, L •a = 0,
(D1) a ◦ b = (−1)p(a)p(b)b ◦a,
(D2) a • b = −(−1)p(a)p(b)b •a.
Rewriting the relations in Example 3.17 in terms of the product ◦ and the product • we obtain
(D3) (∆(b)− 1)a ◦ b ◦ c = (∆(b)− 1)(a ◦ b) ◦ c,
(D4) (∆(b) + ∆(c)− 2)a ◦ b ◦ c− (−1)p(a)p(b)(∆(a) + ∆(c)− 2)b ◦a ◦ c
= (∆(b)−∆(a)) (a ◦ b) ◦ c,
(D5) (∆(a) + ∆(b) + ∆(c)− 3) a ◦ b • c+ (∆(b)− 1) a • b ◦ c
−(−1)p(a)p(b) (∆(a) + ∆(c)− 2) b •a ◦ c
= (∆(a) + ∆(b) + ∆(c) − 3) (a • b) ◦ c+ (∆(b)− 1) (a ◦ b) • c,
(D6) a • b • c− (−1)p(a)p(b)b •a • c = (a • b) • c.
Let us denote V = Rˇ3/2, A = Rˇ1, F = Rˇ1/2 for a physical conformal superalgebra R, following
the notations in [8]. That is, Rˇ is decomposed into Rˇ = CL⊕V ⊕A⊕F . Define the inner product
(·, ·) on V by a〈0〉b = (a, b)L. Consider the following properties:
(H0) L ◦ = id, L • = 0 as operators on Rˇ,
(H1) (Rˇ, • ) is a Lie superalgebra,
(H2) (Rˇ, ◦ ) is an associative commutative superalgebra,
(H3) A • gives derivations with respect to ◦ ,
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(H4) u ◦ v • f = (u ◦ v) • f + (u • v) ◦ f , for u, v ∈ V and f ∈ F ,
(H5) (u ◦ + u • )2v = (u, u)v, for u, v ∈ V ,
(H6) (u ◦ + u • )2a = (u, u)a, for u ∈ V and a ∈ A.
Proposition 5.1 For the reduced subspace Rˇ = CL⊕ V ⊕A⊕F of a physical conformal superal-
gebra, the products ◦ and • have the properties (H0-6).
Proof (D2) and (D6) yield (H1). The product ◦ is commutative by (D1). We have (∆(b) −
1)a ◦ b ◦ c = (−1)p(a)p(c)+p(b)p(c)(∆(b) − 1)c ◦a ◦ b by (D1) and (D3). If ∆(a) = ∆(b) = ∆(c) = 1
then the both sides are 0 because ∆(a) + ∆(b) + ∆(c) − 4 = −1. So we may assume ∆(b) 6= 1
without loss of generality, hence a ◦ b ◦ c = (−1)p(a)p(c)+p(b)p(c)c ◦ a ◦ b, thus a ◦ b ◦ c = (a ◦ b) ◦ c, we
have (H2). For the others, let
Q(x, y, z) = (∆(x) + ∆(y) + ∆(z)− 3)x ◦ y • z + (∆(y)− 1)x • y ◦ z
−(−1)p(x)p(y)(∆(x) + ∆(z)− 2)y •x ◦ z − (∆(y) − 1)(x ◦ y) • z
−(∆(x) + ∆(y) + ∆(z)− 3)(x • y) ◦ z, (5.1)
and
P (x, y, z) = (∆(x) − 1)x ◦ y • z + (∆(y)− 1)x • y ◦ z − (−1)p(x)p(y)(∆(y)− 1)y ◦x • z
−(−1)p(x)p(y)(∆(x) − 1)y •x ◦ z − (∆(x) + ∆(y)− 2)(x • y) ◦ z. (5.2)
It is easy to check (∆(x)− 1)Q(x, y, z)+ (∆(y)− 1)(−1)p(x)p(y)Q(y, x, z) = (∆(x)+∆(y)+∆(z)−
3)P (x, y, z). Since if ∆(x)+∆(y)+∆(z)−3 = 0 then the both sides are 0, so we have P (x, y, z) = 0
for all x, y, z ∈ Rˇ because Q(x, y, z) = 0 for all x, y, z ∈ Rˇ by (D5). P (x, y, z) = 0 for ∆(z) = 1,
(∆(x),∆(y),∆(z)) = (12 ,
3
2 ,
3
2 ), (
3
2 ,
3
2 ,
3
2 ) and (
3
2 ,
3
2 , 1) imply (H3), (H4), (H5) and (H6) respectively.
(H4), (H5) and (H6) imply the following.
Proposition 5.2 The reduced subspace Rˇ of a physical conformal superalgebra is a left Cl(V, (·, ·))-
module by the action vx = v ◦x+ v •x, where v ∈ V and x ∈ Rˇ.
Thus we have obtained the action of the Clifford algebra Cl(V, (·, ·)) on the associated Lie
superalgebra, where V is the space of the reduced vectors with the conformal weight 32 . The action
is discussed in [5].
Corollary 5.3 The Clifford algebra Cl(V, (·, ·)) acts on the associated Lie superalgebra of a physical
conformal superalgebra, where V is the space of reduced vectors of the conformal weight 32 with the
inner product defined by (u, v)L = u(0)v.
Furthermore we have the converse of Proposition 5.1.
Proposition 5.4 Suppose given a finite-dimensional Z/2Z-graded vector space Rˇ with the decom-
position Rˇ = CL ⊕ V ⊕ A ⊕ F with respect to a weight ∆, where ∆(V ) = 3/2, ∆(A) = 1, and
∆(F ) = 1/2 with the parity p(CL) = p(A) = 0 and p(V ) = p(F ) = 1, and two products ◦ and •
with the weight ∆(x • y) = ∆(x) + ∆(y) − 1, ∆(x ◦ y) = ∆(x) + ∆(y) − 2. If (Rˇ, • , ◦ ) have the
properties (H0-6) then the triple (Rˇ, {〈n〉}, L) is a physical conformal superalgebra where we set
a〈0〉b = a • b, a〈1〉b = (∆(a) + ∆(b)− 2)a ◦ b and a〈n〉b = 0 for n ≥ 2.
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Proof (P0), (P2) and (PV) are obvious. It is easy to check that (P3)a,bm,n is equivalent to
(P3)b,an,m, hence (D0-6) are sufficient to (P3). Only (D5) is not obvious since (D0) is (H0) itself,
(D1) and (D6) follow from (H1), and (D2), (D3) and (D4) follow from (H2). Let P and Q be as
in (5.1) and (5.2). Then, (H1) and (H2) imply
− (−1)p(y)p(z)P (x, z, y) + (−1)p(x)p(y)+p(x)p(z)P (y, z, x) = (−1)p(y)p(z)Q(x, z, y), (5.3)
hence if P (x, y, z) = 0 for all x, y, z ∈ Rˇ then we have Q(x, y, z) = 0 for all x, y, z ∈ Rˇ, which
implies (D5). Let us show P (x, y, z) = 0 for all x, y, z ∈ Rˇ. Since P satisfies P (x, y, z) =
−(−1)p(x)p(y)P (y, x, z) and (−1)p(x)p(y)(∆(z)− 1)P (x, y, z)− (−1)p(x)p(y)+p(y)p(z)(∆(y)− 1)P (x, z, y)
= −(−1)p(x)p(z)(∆(x) − 1)P (y, z, x), we have (1) P (x, y, z) = 0 ⇔ P (y, x, z) = 0 and (2) if
∆(x) 6= 1, P (x, y, z) = 0 ∧ P (x, z, y) = 0 ⇒ P (y, z, x) = 0. So it suffices to consider the following
cases: (∆(x),∆(y),∆(z)) = (32 ,
3
2 ,
3
2 ), (
3
2 , 1,
3
2 ), (
3
2 , 1, 1), (
3
2 ,
3
2 , 1), (
1
2 ,
3
2 ,
3
2 ). (H3) gives (
3
2 , 1,
3
2 ) and
(32 , 1, 1). (H5), (H6) and (H4) imply (
3
2 ,
3
2 ,
3
2 ), (
3
2 ,
3
2 , 1) and (
1
2 ,
3
2 ,
3
2 ) respectively. Hence (D5) is
shown for all x, y, z ∈ Rˇ.
6 Simple physical conformal superalgebra
In this section we will describe some properties of simple physical conformal superalgebra. A
criterion for simplicity is given. Let R be a simple physical conformal superalgebra, Rˇ the reduced
subspace, V = Rˇ
3
2 , A = Rˇ1 and F = Rˇ
1
2 .
The following result is stated in [7] and [8]:
Proposition 6.1 Let Rˇ be the reduced subspace of a simple physical conformal superalgebra. Then
the inner product (·, ·) on V is nondegenerate.
Proof Set V 0 = {v ∈ V | for allu ∈ V (u, v) = 0} and consider the ideal IV 0 generated by V 0.
Fix a basis B of Rˇ and take an order on B such that a < b if ∆(a) < ∆(b). Set
FpJˇ = Span
{
x1〈i1〉x
2〈i2〉· · ·xk〈ik〉v0
∣∣xr ∈ B, v0 ∈ V 0, xi ≤ xi+1, k ≤ p}. Obviously L /∈ F0Jˇ .
Take any u, v ∈ V , v0 ∈ V 0, xr ∈ B. Since v • v0 = 0, we have x1〈i1〉· · ·xp−1〈ip−1〉v • v0 = 0 in
FpJˇ/Fp−1Jˇ . By (D5) we have
x1〈i1〉· · ·xp−2〈ip−2〉v •u ◦ v0 = x1〈i1〉· · ·xp−2〈ip−2〉(−
1
2
u • v ◦ v0)
= x1〈i1〉· · ·xp−2〈ip−2〉(
1
4
v •u ◦ v0)
= 0, (6.1)
in FpJˇ/Fp−1Jˇ . By (D3) we have x1〈i1〉· · ·xp−2〈ip−2〉v ◦u ◦ v0 = 0 in FpJˇ/Fp−1Jˇ . ∆(x〈n〉y) > ∆(y)
occurs only when x ∈ V , thus we have L /∈∑p FpJˇ . By Proposition 4.3∑p FpJˇ = IV 0 ∩ Rˇ, hence
IV 0 is proper unless V
0 = {0}.
Now, let F 3 = {f ∈ F |v1〈0〉v2〈0〉v3〈0〉f = 0 for all vk ∈ V }.
Proposition 6.2 A physical conformal superalgebra R with V 6= {0} is simple if and only if
F 3 = 0 and the inner product is nondegenerate.
Proof Suppose that the inner product on V 6= {0} is nondegenerate and R is not simple. Take
Iˇ a proper ideal of the reduced subspace Rˇ. Iˇ is decomposed into Iˇ = (Iˇ ∩CL)⊕ (Iˇ ∩ V ) ⊕ (Iˇ ∩
A)⊕ (Iˇ ∩ F ) by the action of L〈1〉. Iˇ ∩CL = {0} because Iˇ 6= Rˇ. In particular Iˇ ∩ V = {0} since
the inner product on V is nondegenerate. Iˇ is a Cl(V, (·, ·))-module because I is an ideal. The
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Clifford action of a unit vector in V yields an isomorphism of vector spaces between Iˇ ∩ (CL⊕A)
and Iˇ ∩ (V ⊕ F ), so if Iˇ ∩ F = {0} then Iˇ = {0}. Since L /∈ Iˇ we have Iˇ ∩ F ⊂ F 3 while I 6= {0},
thus F 3 6= {0}.
Conversely assume F 3 6= {0}. Let I be the ideal generated by F 3. Apply Proposition 4.3 for
S = F 3 taking an order such that x < y if ∆(x) < ∆(y). Take f ∈ F 3, vi ∈ V, (i = 1, 2, 3), and
a ∈ A. Then,
v1 • v2 • v3 • a • f = a • v1 • v2 • v3 • f − (a • v1) • v2 • v3 • f
−v1 • (a • v2) • v3 • f − v1 • v2 • (a • v3) • f
= 0, (6.2)
so A •F 3 ⊂ F 3. Applying (D5) for any a, b ∈ V and c ∈ F 3, we have a ◦ b • c = (a • b) ◦ c+(a ◦ b) • c ∈
F 3 +A •F 3 = F 3, hence F 3 = I ∩ F . Thus we have L /∈ I, so I is proper.
Proposition 6.3 Let R be a simple physical conformal superalgebra. Then the map
ι : Cl(V, (·, ·))→ Rˇ,
v1v2 · · · vr 7→ (v1 ◦ + v1 • )(v2 ◦ + v2 • ) · · · (vr ◦ + vr • )L,
is surjective unless V ◦V ◦V = 0 with V 6= {0}.
Proof Suppose V = {0} and the map ι is neither zero nor surjective. Then the subspace A⊕F
is closed under the 〈0〉 product and the 〈1〉 product, so A+F generates a proper ideal. Otherwise
suppose V ◦V ◦V 6= {0}. Take Iˇ the ideal of the reduced subspace Rˇ generated by S = V ◦V ◦V .
We have A •S ⊂ S by (H3). V ◦V •S ⊂ A •S + S ⊂ S because of (H4). Apply Proposition 4.3
taking an order so that x < y if ∆(x) > ∆(y). Then we have Iˇ ∩ F = S, so S = F because R
is simple and S 6= {0}. Take a unit vector e of V . Rˇ is a Cl(V, (·, ·))-module and the Clifford
action of e yields an isomorphism between CL ⊕ A and V ⊕ F . Since V ⊕ F = V ⊕ S ⊂ Imι, so
CL⊕A ⊂ Imι, thus the map ι is surjective.
We shall denote the conformal sub-superalgebra generated by Imι by Rι.
7 Invariants
Let R be a physical conformal superalgebra, Rˇ the reduced subspace, V = Rˇ
3
2 , A = Rˇ1 and
F = Rˇ
1
2 . Consider the trilinear map defined by
η : V × V × V → V
(u, v, w) 7→ u • v ◦w,
and the bilinear form (·, ·)V ∧V on V ∧ V defined by (u ∧ v, w ∧ z)V ∧V L = u • η(v, w, z). The form
is well-defined on V ∧ V because u • v •w ◦ z = −u •v • z ◦w and
u • v •w ◦ z = (u • v) •w ◦ z − v •u •w ◦ z
= −v •u •w ◦ z. (7.1)
The form (·, ·)V ∧V is symmetric because
u • v •w ◦ z = −u •w • v ◦ z − u • v ◦w • z − u •w ◦ v • z + 2u • (v •w) ◦ z
= −w •u • z ◦ v − (u, v)(w, z)L − (u,w)(v, z)L + 2(u, z)(v, w)L
−2(w, v)(u, z)L− (u, v)(w, z)L − (u,w)(v, z)L + 2(u, z)(v, w)L
= w • z •u ◦ v. (7.2)
The form (·, ·)V ∧V is invariant under isomorphisms of physical conformal superalgebras.
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Proposition 7.1 Let f : R → R′ be an isomorphism of physical conformal superalgebras. f
induces an isometric transformation f∧f : (V ∧V, (·, ·)V ∧V )→ (V ′∧V ′, (·, ·)V ′∧V ′) where V ′ = Rˇ′ 32 .
Proof For an isomorphism f we have
(u ∧ v, w ∧ z)f(L) = f((u ∧ v, w ∧ z)L)
= f(u • v •w ◦ z)
= f(u) • f(v) • f(w) ◦ f(z)
= (f(u) ∧ f(v), f(w) ∧ f(z))f(L). (7.3)
Furthermore we can reconstruct the products ◦ and • on ι(Cl(V, (·, ·))) from the form (·, ·)V ∧V
for simple physical conformal superalgebras.
Proposition 7.2 Let R be a physical conformal superalgebra and Rˇ the reduced subspace. Consider
the map ι of Proposition 6.3 and the map η. Then x(n)y is uniquely determined by the pair (ι, η)
for all n ∈ N where x, y ∈ Rι.
Proof The actions V ◦ and V • are uniquely determined by ι and η, since
u ◦ v =
1
2
ι(uv − vu), (7.4)
u ◦ v ◦w = ι(uvw) − ι(η(u, v, w)) − (v, w)V ι(u), (7.5)
u • v ◦w ◦ z = ι(uvwz) − ι(uη(v, w, z))− (w, z)V ι(uv), (7.6)
u • v =
1
2
ι(uv + vu), (7.7)
u • v ◦w = ι(η(u, v, w)), (7.8)
u ◦ v •w ◦x ◦ y = (u ◦ v) •w ◦x ◦ y + (u • v) ◦w ◦x ◦ y
= −η(w, u, v) ◦ x ◦ y − w ◦ η(x, u, v) ◦ y − w ◦x ◦ η(y, u, v)
= −ι(η(w, u, v)xy) − ι(wη(x, u, v)y) − ι(wxη(y, u, v))
+ι(η(η(w, u, v), x, y)) + ι(η(w, η(x, u, v), y)) + ι(η(w, x, η(y, u, v)))
+(x, y)V ι(η(w, u, v)) + (η(x, u, v), y)V ι(w) + (x, η(y, u, v))V ι(w), (7.9)
u • v •w ◦x ◦ y = ι(uvwxy) − ι(uvη(w, x, y)) − (x, y)V ι(uvw)
+ι(η(w, u, v)xy) + ι(wη(x, u, v)y) + ι(wxη(y, u, v))
−ι(η(η(w, u, v), x, y)) − ι(η(w, η(x, u, v), y)) − ι(η(w, x, η(y, u, v)))
−(x, y)V ι(η(w, u, v)) − (η(x, u, v), y)V ι(w) − (x, η(y, u, v))V ι(w). (7.10)
By Lemma 4.2 we have (b〈q〉c)〈p〉a =
∑
j rjb〈q−j〉c〈p+j〉a+ sjc〈p+q−j〉b〈j〉a for some rj , sj ∈ K,
hence all (v ⊙ x)⊙ are written in some v⊙s and x⊙s where v ∈ V , x ∈ Imι and ⊙ denotes any of
◦ and • . Since Imι = CL⊕ V ⊕ ((V ◦V ) + (V •V ◦V ◦V ))⊕ (V ◦V ◦V ), we have the results.
Denote Cln(V, (·, ·)) = Span{v1v2 · · · vk|vi ∈ V, k ≤ n}. (7.4), (7.5) and (7.6) imply the
following.
Proposition 7.3 Let R be a simple physical conformal superalgebra and Rˇ the reduced subspace.
For the map ι of Proposition 6.3, we have Rˇι = ι(Cl
4(V, (·, ·))). Furthermore if V ◦V ◦V = {0}
then Rˇι = ι(Cl
2(V, (·, ·))).
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8 Classification of simple physical conformal superalgebras
We start classification of simple physical conformal superalgebras. We will follow the notations
Vir, K1, K2, K3, S2, W2, and CK6 given in [3] and [6]. By the results of the preceding sections all
that we have to do is listing up the left Cl(V, (·, ·))-submodules of Cl(V, (·, ·)) and the symmetric
forms on V ∧ V appropriate to reconstruct simple physical conformal superalgebras.
Fix a vector space V with the nondegenerate inner product (·, ·) and consider an orthonormal
basis {e1, e2, · · · , eN} of V . Set D0k = Dk = 1√2 (e2k−1 + ie2k), D1k = D¯k = Dk¯ =
1√
2
(e2k−1 − ie2k),
and Dw = Dw11 D
w2
2 · · ·Dwnn where n = ⌊N/2⌋, w ∈ (Z/2Z)n and wi denotes the ith binary digit
of w. We have the following theorem for the decomposition of left Cl(V )-module Cl(V ).([4])
Theorem 8.1 The left Cl(V )-module Cl(V ) is completely reducible. The irreducible decomposition
is given as follows. If N = 2n then
Cl(V ) =
⊕
w∈(Z/2Z)n
M(w), (8.1)
where M(w) = Cl(V )Dw. If N = 2n+ 1 then
Cl(V ) =
⊕
w∈(Z/2Z)n
(M+(w)⊕M−(w)), (8.2)
where M±(w) = Cl(V )Dw(1 ± eN).
Proposition 8.2 Let R be a simple physical conformal superalgebra with dimV ≤ 3. Then R is
isomorphic to one of Vir, K1, K2, K3.
Proof If dimV = 0 then the map ι is surjective, so R is isomorphic to Vir. Otherwise by
Proposition 6.2 dimF ≤
(
dimV
3
)
for a simple physical conformal superalgebra R, so R = Rι for
V 6= {0} unless dimV = 3 with V ◦V ◦V = {0}. If dimV = 1 then we have V ∧ V = {0}, so the
conformal superalgebra R = Rι is unique, which is K1. If dimV = 2 then dimV ∧ V = 1. Since
D¯1 •D1 • D¯1 ◦D1 = L by (D5), so the only possible form (·, ·)V ∧V is (D¯1 ∧D1, D¯1 ∧D1)V ∧V = 1.
Hence ker ι = {0} because otherwise the form (·, ·)V ∧V = 0, thus the conformal superalgebra
R = Rι with dim V = 2 is unique, which is K2. If dimV = 3 then D¯1 •D1 • D¯1 ◦D1 = L,
D1 • e3 •D1 ◦ e3 = 0, D¯1 • e3 • D¯1 ◦ e3 = 0 and D¯1 • e3 •D1 ◦ e3 = −L by (D5). So the possible form
(·, ·)V ∧V is uniquely determined, which is nondegenerate. Hence ker ι = {0} because otherwise the
form (·, ·)V ∧V is degenerate. Thus the conformal superalgebra Rι with dim V = 3 is unique, which
is K3. V ◦V ◦V 6= {0} for K3, so R = K3.
Consider the polynomial ring Xn = C[x1, x2, · · · , xn] of Grassmann indeterminates. Xn is
decomposed into Xn =
⊕
s∈Zn X
n
s by the multidegree of polynomials. Define the action of Cl(V )
on Xn by Dif =
√
2xif and D¯if =
√
2∂if for f ∈ Xn where ∂i denotes ∂∂xi . If N = 2n then
the action ρ : Cl(V ) → End(Xn) is an isomorphism, so for a left ideal of Cl(V ) we have an
isomorphism of vector spaces ρI : Cl(V )/I
∼→ Hom(∩w∈W ker ρ(Dw), Xn), where W ⊂ (Z/2Z)n
and I =
⊕
w∈W M(w). Hence Cl(V )/I is decomposed into
Cl(V )/I =
⊕
t∈{−1,0,1}n
(Cl(V )/I)t, (8.3)
where (Cl(V )/I)t = {u ∈ (Cl(V )/I)| ρI(u)(∩w∈W ker ρ(Dw)∩Xns ) ⊂ Xns+t for all s ∈ Zn}. Denote
the projections πIt : Cl(V )/I → (Cl(V )/I)t. If N = 2n+ 1 then we have a decomposition as left
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Cl(V )-modules Cl(V ) = Cl(V/CeN )(1+eN)⊕Cl(V/CeN )(1−eN ). So we have an isomorphism ρI :
Cl(V )/I
∼→ Hom(∩w∈W+ ker ρ(Dw), Xn) ⊕ Hom(∩w∈W− ker ρ(Dw), Xn), where W± ⊂ (Z/2Z)n
and I = (
⊕
w∈W+ M
+(w)) ⊕ (⊕w∈W− M−(w)). Hence the decomposition is
Cl(V )/I =
⊕
t∈{−1,0,1}n
(Cl(V )/I)+t ⊕
⊕
t∈{−1,0,1}n
(Cl(V )/I)−t . (8.4)
Denote the projections πI ±t : Cl(V )/I → (Cl(V )/I)±t .
Consider αi,j ∈ C defined by αi,jL = Di • D¯i •Dj ◦ D¯j for i, j ∈ {1, 2, · · · , n} and βi,j,k,l ∈ C
by βi,j,k,lL = Di •Dj •Dk ◦Dl for i, j, k, l ∈ {1, 1¯, 2, 2¯, · · · , n, n¯}. We have
Dj •Di • D¯i ◦ D¯j = (1 + αi,j)L, Dj • D¯i •Di ◦ D¯j = (1− αi,j)L and αi,j = αj,i.
Proposition 8.3 Let R be a simple physical conformal superalgebra with dimV ≥ 4. Then dim V
is one of 4, 6, 8. Furthermore if V ◦V ◦V = {0} then dimV = 4.
Proof Suppose given a simple physical conformal superalgebra R with dimV = 2n+ 1 where
n ≥ 2. For an arbitrary u ∈ Z/2Z we have
0 = −(e2n+1 ◦ D¯i) • (Di ◦Duj )− (Di ◦Duj ) • (e2n+1 ◦ D¯i)
= (Di • e2n+1 ◦ D¯i) ◦Duj +Di ◦ (D
u
j
• e2n+1 ◦ D¯i)
+(e2n+1 •Di ◦Duj ) ◦ D¯i + e2n+1 ◦ (D¯i •Di ◦D
u
j ). (8.5)
Apply πker ι+t + π
ker ι−
t to the both sides where all digits of t are 0 except for tj = (−1)u. Then
we have ((−1)uαi,j + 2)e2n+1 ◦Duj = 0. If e2n+1 ◦Duj = 0 then 0 = e2n+1 • e2n+1 ◦Duj = Duj , so we
have αi,j = −(−1)u2 for an arbitrary u ∈ Z/2Z where i, j = 1, 2, · · · , n. Hence R does not exist.
Suppose given a simple physical conformal superalgebra with dimV = 2n and n > 4. Consider
S ⊂ (Z/2Z)n such that ker ι = I = ⊕s∈S M(s). By Proposition 7.3 Cl(V )/I = Cl4(V )/I, so we
have πIt = 0 if #{k ∈ N| tk 6= 0} > 4. Hence ι(Dw) = πIt (ι(Dw)) = 0 for an arbitrary w ∈ (Z/2Z)n
where ti = (−1)wi , so S = (Z/2Z)n, that is, the map ι is the 0 map, thus we have the result.
If V ◦V ◦V = {0} then we have dim V = 4 in the same way by Cl(V )/I = Cl2(V )/I.
Proposition 8.4 A simple physical conformal superalgebra R with dimV = 6 is isomorphic to
CK6
Proof Suppose given a simple physical conformal superalgebra R with dimV = 6. The map ι
is surjective. For all i, j, k ∈ N satisfying {i, j, k} = {1, 2, 3} we have
0 = (D¯i ◦ D¯j) • (D¯k ◦Di) + (D¯k ◦Di) • (D¯i ◦ D¯j)
= (Di • D¯i ◦ D¯j) ◦ D¯k +Di ◦ (D¯k • D¯i ◦ D¯j)
+(D¯i •Di ◦ D¯k) ◦ D¯j + D¯i ◦ (D¯j •Di ◦ D¯k)
= (αi,j + αi,k)D¯j ◦ D¯k + · · · . (8.6)
Applying πker ιt to the both sides where all trial digit of t is 0 except for the ith and the jth,
ti = tj = −1, we have (αi,j +αi,k)D¯j ◦ D¯k = 0. Hence we have (αi,j +αi,k)(αj,k +1) = 0 applying
Dj •Dk • to the both sides. Similarly for 0 = (D¯i ◦Dj) • (D¯k ◦Di) + (D¯k ◦Di) • (D¯i ◦Dj) and the
term Dj ◦ D¯k we have (αi,j−αi,k)(αj,k−1) = 0. It is easily checked that the solutions of the above
equations are α = (α1,2, α2,3, α3,1) = (0, 0, 0), α = (−1,−1,−1), α = (−1, 1, 1), α = (1,−1, 1),
α = (1, 1,−1). If α = (−1,−1,−1) then we have Di ◦Dj = 0 and D¯i ◦ D¯j = 0 for all i, j = 1, 2, 3,
which implies Dw1i ◦D
w2
j
◦Dw3k = 0 for all w = (w1, w2, w3) ∈ (Z/2Z)3 where {i, j, k} = {1, 2, 3},
so R = 0. In the same way R = 0 for each α = (−1, 1, 1), α = (1,−1, 1), α = (1, 1,−1). If
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α = (0, 0, 0) then the set {Dw1i ◦Dw2j |i 6= j, w ∈ (Z/2Z)2} is linearly independent. Considering
the relations 0 = (Dw1i ◦D
w2
j ) • (D
w′1
k
◦Dw
′
2
l ) + (D
w′k
i
◦Dw
′
2
k ) • (D
w1
i
◦Dw2j ) for all w,w
′ ∈ (Z/2Z)2
and i, j, k, l ∈ {1, 2, 3} in the same way, we have βi,j,k,l = 0 if {i, j, k, l} 6= {s, s¯, t, t¯} for any s, t ∈
{1, 2, 3}. Consider the map ι for this case. By Proposition 7.3 we may assume D¯1D¯2D¯3 ∈ ker ι.
If we have Dw11 ◦D
w2
2
◦Dw33 6= 0 for some w ∈ {(1, 0, 0), (0, 1, 0), (0, 0, 1)} then R is not simple by
Proposition 6.2. Hence Dw11 ◦D
w2
2
◦Dw33 = 0 for all w ∈ {(1, 1, 1), (1, 0, 0), (0, 1, 0), (0, 0, 1)}. Thus
the simple physical conformal superalgebra structure on this space is uniquely determined, which
is CK6.
Proposition 8.5 Simple physical conformal superalgebras with dimV = 8 do not exist.
Proof Suppose given a simple physical conformal superalgebra R with dim V = 8. The map
ι is surjective. Then we have (αi,j + αj,k)(αi,k + 1) = 0 and (αi,j − αj,k)(αi,k − 1) = 0 for all
distinct i, j, k. It is easily checked that the set of solutions α = (α1,2, α1,3, α1,4, α2,3, α2,4, α3,4) is
{(0, 0, 0, 0, 0, 0), (1, 1, 1,−1,−1,−1), (1, 1,−1,−1, 1, 1), (1,−1, 1, 1,−1, 1), (1,−1,−1, 1, 1, 1),
(−1, 1,−1, 1,−1, 1), (−1, 1, 1, 1, 1,−1), (−1,−1, 1,−1, 1, 1), (−1,−1,−1,−1,−1,−1)}. For the non-
zero solutions we have Dw1i D
w2
j D
w3
k D
w4
l = 0 for all w ∈ (Z/2Z)4 where {i, j, k, l} = {1, 2, 3, 4},
hence R = 0. If α = 0 then the set {Dw1i ◦Dw2j |i 6= j, w ∈ (Z/2Z)2} is linearly independent, so
βi,j,k,l = 0 if {i, j, k, l} 6= {s, s¯, t, t¯} for any s, t ∈ {1, 2, 3, 4}, which implies ι(Dw1i Dw2j Dw3k Dw4l ) = 0
if and only if Dw1i •D
w2
j
◦Dw3k ◦D
w4
l = 0. Suppose ι(D
w1
i D
w2
j D
w3
k D
w4
l ) = 0 for some w ∈ (Z/2Z)4
where {i, j, k, l} = {1, 2, 3, 4}. Then 0 = Dw1+1i ◦Dw1i •Dw2j ◦Dw3k ◦Dw4l = Dw2j ◦Dw3k ◦Dw4l be-
cause of (H4), so we have ι(Dw1+1i D
w2
j D
w3
k D
w4
l ) = 0. Since ker ι 6= {0} by Proposition 7.3, thus
R = 0.
Proposition 8.6 For a simple physical conformal superalgebra with dimV = 4 the form (·, ·)V ∧V
is as given on table 1 for some α ∈ C.
Table 1: The form (·, ·)V ∧V for dimV = 4.
(·, ·)αV ∧V D¯1 ∧D1 D¯2 ∧D2 D1 ∧D2 D¯1 ∧D2 D1 ∧ D¯2 D¯1 ∧ D¯2
D¯1 ∧D1 1 α 0 0 0 0
D¯2 ∧D2 α 1 0 0 0 0
D1 ∧D2 0 0 0 0 0 −(1 + α)
D¯1 ∧D2 0 0 0 0 −(1− α) 0
D1 ∧ D¯2 0 0 0 −(1− α) 0 0
D¯1 ∧ D¯2 0 0 −(1 + α) 0 0 0
Proof The table 1 is obtained by using the following formulae:
Da1 •D
a
1
◦Db2 = 0, (8.7)
Da2 •D
a
2
◦Db1 = 0, (8.8)
Da1 •D
a+1
1
◦Db2 = −Da1 •Db2 ◦Da+11
= Da1 ◦D
b
2
•Da+11 +D
b
2
•Da1 ◦D
a+1
1
+Db2 ◦D
a
1
•Da+11 − 2(Da1 •Db2) ◦Da+11
= Db2 + (−1)a+bαDb2, (8.9)
Da2 •D
a+1
2
◦Db1 = D
b
1 + (−1)a+bαDb1, (8.10)
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where a, b ∈ Z/2Z
Remark 8.7 The form (·, ·)V ∧V of Proposition 8.6 is given by
(ei ∧ ej , ek ∧ el)V ∧V = −αǫijkl + δjkδil − δikδjl, (8.11)
where ǫijkl is antisymmetric with ǫ1234 = 1.
On the other hand we have the following proposition.
Proposition 8.8 A physical conformal superalgebra structure exists on Cl(V ) where dimV = 4
with the form (·, ·)V ∧V described in Table 1 for an each α ∈ C.
Proof By Proposition 7.2 the form (·, ·)V ∧V determines the products ◦ and • on Cl(V ) for an
arbitrary α ∈ C. It is easily checked that they have all properties (H0-6). By Proposition 5.4 a
conformal superalgebra structure is determined on Cl(V ) for each α ∈ C.
We shall denote thus obtained family of physical conformal superalgebras by {Nα4 }α∈C. Nα4 is
equivalent to N04 changing the conformal vector L to Lα = L− α2 ∂e1 • e2 ◦ e3 ◦ e4 except for α2 = 1.
For α2 = 1 we shall denote N4 = (N
0
4 , (n), L1), which is isomorphic to (N
0
4 , (n), L−1).
Note 8.9 The conformal superalgebra K4 is written down in [8]. The physical conformal super-
algebra N04 is isomorphic to the subalgebra of K4 generated by the primary vectors other than
ξ1ξ2ξ3ξ4.
Proposition 8.10 Nα4 and N
β
4 are isomorphic if and only if α
2 = β2.
Proof Set E1 = D¯1 ∧ D1, E2 = D¯2 ∧ D2, E3 = D1 ∧ D2, E4 = D¯1 ∧ D2, E5 = D1 ∧ D¯2,
E6 = D¯1 ∧ D¯2. The characteristic polynomial of the matrix Mi,j = (Ei, Ej)V ∧V is ((t + 1) −
α2)((t− 1)2 −α2)2, which is invariant under automorphisms by Proposition 7.1. Hence if Nα4 and
Nβ4 are isomorphic then α
2 = β2. Conversely suppose β = −α. Consider the map f : V → V
defined by f(e1) = e2, f(e2) = e1, f(ek) = f(ek) for all k > 2. Because ker ι = {0}, f extends to
an automorphism of conformal superalgebra, which maps α to −α.
For their simplicity we have the following.
Proposition 8.11 Nα4 is simple if and only if α
2 6= 1.
Proof Consider the bilinear form 〈·, ·〉 on V ∧ V ∧ V defined by 〈u1 ∧ u2 ∧ u3, v1 ∧ v2 ∧ v3〉L =
u3 •u2 •u1 • v1 ◦ v2 ◦ v3. Denote fi,j = Di ∧ D¯i ∧ Dj and f¯i,j = D¯i ∧ Di ∧ D¯j and take the basis
{fi,j, f¯i,j | {i, j} = {1, 2}} of V ∧ V ∧ V . Then we have 〈f¯i,j , fk,l〉 = 〈fi,j , f¯k,l〉 = (1 − α2)δi,kδj,l,
〈fi,j , fk,l〉 = 〈f¯i,j , f¯k,l〉 = 0. So the form 〈·, ·〉 is symmetric, and is nondegenerate if and only if
α2 6= 1. By Proposition 6.2, Nα4 is simple if and only if α2 6= 1.
In particular N04 is simple, so we have the following corollary.
Corollary 8.12 N4 is simple.
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Note 8.13 A one-parameter family of superconformal algebras that is called the large N = 4
superconformal algebra is written down in [11]. In (2), (3), (4) of [11] set γ = (β+1)/2 and replace
the central terms by 0. Fix the conformal vector L(z) =
∑
n∈N Lnz
−n−2. If β2 6= 1 then the
centerless large N = 4 superconformal algebra is isomorphic to Nβ4 by
Ga =
√
2ea,
A± 1 =
−1
2(1± β) (e2
◦ e3 ± e1 ◦ e4) ,
A± 2 =
1
2(1± β) (e1
◦ e3 ∓ e2 ◦ e4) ,
A± 3 =
−1
2(1± β) (e1
◦ e2 ± e3 ◦ e4) , (8.12)
Qa =
1√
2(1− β2) (−1)
aeb1 ◦ eb2 ◦ eb3 ,
U =
−1
1− β2 e1
• e2 ◦ e3 ◦ e4,
where {a, b1, b2, b3} = {1, 2, 3, 4} and b1 < b2 < b3. For β = ±1 the large N = 4 superconformal
algebra is isomorphic to N4.
Note 8.14 The action of the Lie algebra (A, (0)) on V is not faithful for Nα4 since e1 • e2 ◦ e3 ◦ e4
acts on V trivially. The ideal generated by e1 • e2 ◦ e3 ◦ e4 is R itself. As is discussed in (4.12) of
[8], for a unit vector u ∈ V one has an Au-module isomorphism u ◦ : Au ∼→ F with the inverse map
u • : F ∼→ Au where Au = {a ∈ A| a •u = 0} in our terminology. Ae1 is spanned by A+1 + A− 1,
A+2−A− 2, A+3−A− 3 and U , so the condition that F is isomorphic to Au as Au-modules is also
satisfied here.
Proposition 8.15 A simple physical conformal superalgebra R with dimV = 4 is isomorphic to
one of S2, W2, N4 and N
α
4 for some α ∈ C where α ∈ (C/{±1}) \ {[1]}.
Proof Since the Clifford action of a unit vector in V yields an isomorphism between the even
subspace of Imι and the odd subspace of Imι, we have dim Imι ≥ 2 dimV , so dim Imι is one of 8,
12 and 16.
If dim Imι = 16 then the map ι is injective, so Rι is isomorphic to N
α
4 for some α ∈ C. So ι
is surjective because V ◦V ◦V 6= {0} for all Nα4 s. Nα4 is simple if and only if α2 6= 1, hence R is
isomorphic to Nα4 for some α
2 6= 1.
If dim Imι = 12 then dimker ι = 4, so we may assume ker ι =M(00), which impliesD01 ◦D
0
2 = 0.
α = −1 by Proposition 8.6, hence Rι is uniquely determined, which is neither simple nor with
V ◦V ◦V = {0}. So simple physical conformal superalgebras with dim Imι = 12 do not exist.
If dim Imι = 8 then dim ker ι = 8. We may assume M(00) ⊂ ker ι, which implies D01 ◦D02 = 0.
α = −1 by Proposition 8.6, so ker ι =M(00)⊕M(11). Hence Rι is uniquely determined, which is
S2. In particular the Lie algebra (V ◦V, • ) and its action on V by the product • is uniquely deter-
mined. Consider the pairing J : V ∧V ∧V ×F → C defined by J(v1∧v2∧v3, f)L = v1 • v2 • v3 • f .
By (D6) we have J(a · ω, f) + J(ω, a · f) = 0 for all a ∈ A, f ∈ F and ω ∈ V ∧ V ∧ V where V
and F are supposed to be (A, • )-modules by the product • and so is V ∧ V ∧ V by derivation.
Once J is determined, u • v • f is uniquely determined for all u, v ∈ V and f ∈ F , so the action of
A = V ◦V +V •F on V by the product • is uniquely determined. The pairing J is (A, • )-invariant
and if J(ω, f) = 0 for all ω ∈ V ∧ V ∧ V then f = 0, so the action of A on F by the product • is
uniquely determined by the action of A on V ∧V ∧V , which determines the product V ◦A because
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of (H4). By Lemma 4.2 we have (b〈q〉c)〈p〉a =
∑
j rjb〈q−j〉c〈p+j〉a+ sjc〈p+q−j〉b〈j〉a for all a, b, c ∈ Rˇ
for some rj , sj ∈ C, so the simple physical conformal superalgebra structure on R is uniquely deter-
mined by the pairing J . Consider a A-submodule J0 = {ω ∈ V ∧V ∧V | J(ω, f) = 0 for all f ∈ F}.
J0 6= V ∧ V ∧ V because R is simple. The (V ◦V, • )-module V ∧ V ∧ V is decomposed into
two 2-dimensional irreducible modules, so dim J0 is either 0 or 2. If dim J0 = 0 then R is iso-
morphic to N4. If dim J
0 = 2 then we can choose a basis {D1, D2, D¯1, D¯2} of V that satisfies
(Di, Dj) = (D¯i, D¯j) = δij and (Di, D¯j) = 0 so that J
0 = Span{D1 ∧ D¯1 ∧D2, D1 ∧D2 ∧ D¯2} and
ker ι =M(00)⊕M(11), hence R is unique if exists, which is W2.
Hence we have the complete list of simple physical conformal superalgebras.
Theorem 8.16 A simple physical conformal superalgebras is isomorphic to one of Vir, K1, K2,
K3, S2, W2, N4, N
α
4 and CK6, where α ∈ (C/{±1}) \ {[1]}.
If conformal superalgebras R and R′ are equivalent then the Lie superalgebras (R/∂R, (0))
and (R′/∂R′, (0)) are isomorphic. Any pair of Lie superalgebras (Vir/∂Vir, (0)), (K1/∂K1, (0)),
(K2/∂K2, (0)), (K3/∂K3, (0)), (S2/∂S2, (0)), (W2/∂W2, (0)) and (N
0
4 /∂N
0
4 , (0)) is not isomorphic,
while N4 and N
α
4 s are equivalent to N
0
4 except for α
2 = 1. Hence we have the following corollary.
Corollary 8.17 A simple physical conformal superalgebras is equivalent to one of Vir, K1, K2,
K3, S2, W2, N
0
4 and CK6.
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